We present the Lagrangian action which gives, being canonically quantized, model of a particle on the noncommutative (NC) sphere. Noncommutative geometry arises after taking into account the second class constraints presented in the model. There are several natural possibilities to choose the physical sector variables, which leads either to commutative or to NC brackets for space variables. It is shown that in the NC representation all information on the space variable dynamics is encoded in the NC geometry. Potential of special form can be added without spoiling of algebraic structure of the model, which leads to an example of quantum mechanics on the NC sphere. Slightly modified action describes particle on commutative sphere with a magnetic monopole at the center. It is shown canonical equivalence (on the classical level) of this model and the model of usual rotor. They correspond to different choice of the physical sector variables of the underlying model or, equivalently, they are related by (nonlinear) phase space transformation.
Introduction.
Recently it was demonstrated that quantum mechanics on noncommutative plane can be obtained starting from some simple second class constrained systems formulated in extended configuration space [1] [2] [3] [4] . In particular, there is a model which admits addition of an arbitrary potential [4] . Being canonically quantized, it leads to quantum mechanics with ordinary product replaced by the Moyal product.
Here we demonstrate that the same procedure works for noncommutative sphere in three dimensions [5] [6] [7] . Natural generalization of the action discussed in [4] to the present case looks as follow
where x i (τ ), v i (τ ) are configuration space variables of the model and ǫ ijk = ǫ [ijk] , ǫ 123 = 1. Dynamics is governed by second order differential equations, which is supplied by presence of the term v 2 . We restrict ourselves by SO(3)-invariant potential V (v 2 ). The combination x i v i is not included into the potential since it will lead to deformation of constraint system algebra as compare with the free case V = 0 (see below).
Our aim will be to show that this action describes dynamics of a particle on the NC sphere.
The work is organized as follows. In Section 2 the model is discussed in the Hamiltonian formalism. The essential constraints of the model are
where (x, π) and (v, p) form canonical pairs. The constraints form second class system, the corresponding Dirac bracket is constructed and brackets for the phase space variables are presented in SO(3) covariant form. Using the constraints G i = 0 one can represent one of the variables (x, v, p) through the remaining variables. It leads to different representations for the model which are discussed in Section 3. (x, p)-representation is characterized by NC space geometry and trivial dynamics for the corresponding space variables. In (v, p)-representation the geometry can be maked commutative by transition to the canonical variables, their dynamics is governed then by nonlinear equations. In Section 4 we present and discuss slight modification of the action (1) which describe particle on the commutative sphere with a monopole at the center. In particular, we show canonical equivalence of this model and the model of rotor. In Section 5 some possible generalizations of the action (1) are discussed.
2 Particle on the noncommutative sphere.
From the manifest form of the action (1) it follows that velocities do not enter into expressions for definition of conjugated momentum in the Hamiltonian formulation. On the first stage of the Dirac procedure [8] one finds the primary constraints
where p i is conjugated moment's for v i while π i corresponds to x i . The Hamiltonian is
where λ are the Lagrangian multipliers for the corresponding constraints. The constraints obey the following Poison bracket algebra
Matrix composed from the brackets admits two null-vectors w 1 = (0, v j ), w 2 = (v i , −2x j ), so the system (G, T ) involve two first class constraints of this stage:
On second stage of the Dirac procedure there are appear the equationsṗ
where
From these equations one extracts three secondary constraints
while the remaining equations involve the Lagrangian multipliers. They will be resolved in the manifestly SO(3)-covariant form below. On the next step there are arise equations for the Lagrangian multipliers onlẏ
which finishes the Dirac procedure for revealing of the constraints. To determine the Lagrangian multipliers one has now the equations (7), (9) . Their consequences are
Using these equations, one resolves Eqs. (7), (9) as
The Hamiltonian equations of motion for the model can be obtained with help of Eqs. (4), (11) . They will be discussed in the next section. Since all the multipliers has been determined, the constraints (3), (8) form the second class system and thus can be taken into account by transition to the Dirac bracket. After introduction of the Dirac bracket corresponding to the pair p φ = 0, Φ = 0, the variables φ, p φ can be omitted from consideration. The Dirac brackets for the remaining variables coincide with the Poison one. To find the Dirac bracket which corresponds to the remaining eight constraints one needs to convert 8 × 8 matrix composed from Poison brackets of these constraints. To simplify the problem, we prefer to make this in two steps: first, let us to construct the Dirac bracket which corresponds to the constraints G a = 0, T a = 0, a = 1, 2, and then the bracket which corresponds to the remaining constraints G 3 , T 3 , S,S. Consistency of this procedure is guaranteed by the known theorems [9] . On the first step one has the Poison brackets
Then the intermediate Dirac bracket is
Now one can use the equations G a = 0, T a = 0 in any expression. As a consequence, the remaining constraints can be taken in the form
and obey the D1-algebra
where J i are the rotation generators: J i ≡ ǫ ijk x j p k . The corresponding matrix can be easily inverted, and the final expression for the Dirac bracket is
where all the brackets on the r.h.s. are D1-brackets. Note that the complete constraint system (3), (8) 
Using the equalities
which are true on the constraint surface (3), (8) , the equations (17) can be presented in SO(3)-covariant form
Other brackets can be computed from Eq.(16) in a similar fashion. After tedious calculations one obtains the following result
Since {x i , J 2 } = 0, the operator J 2 can be included into redefinition of x i :x i ≡ J 2 x i , thenx i obeys SU(2) algebra {x i ,x j } = ǫ ijkxk , and is constrained to lie on the fuzzy spherex 2 = (J 2 ) 2 . Quantum realization and irreducible representations of such a kind algebraic structure were considered, in particular, in [6, 7] . One notes that the algebra obtained (19) has much more simple structure as compare with the one proposed in [6] from algebraic considerations.
Since the second class constraints were taken into account, one can now use them in any expression. In particular, from Eqs. (3), (8) 
Let us point that for any given choice, the remaining nonphysical variable looks formally as the rotation generator in the corresponding representation. The equations (22) relate different representations of the particle dynamics on NC sphere which are discussed in the next section.
3 Three representations for the particle dynamics on noncommutative sphere.
To discuss classical dynamics of the particle on NC sphere it will be sufficiently to consider the free case V = 0. In what follows, we will preserve SO(3) covariance which implies that two of the constraints are not resolved in the manifest form. Note also that the variables φ, p φ are trivially constrained φ = 0, p φ = 0 and thus are omitted from consideration.
Noncommutative (x i , p i )-representation. Taking x, p as the basic variables, their algebra is
Equations of motion follow from (4), (11)
and are accompanied by two constraints
The physical Hamiltonian has the form (remind that p is noncommutative variable) H ph = p 2 +V (p 2 ). One notes that {x i , J 2 } = 0, so J 2 can be absorbed into redefinition of x i :x i ≡ J 2 x i . The algebra acquires then the form
Commutative (v i , p i )-representation. In this case the bracket algebra is
Equations of motion turn out to be nontrivial for both variableṡ
which impliesv + v = 0 for the configuration space variable. The remaining constraints in this case are
Note that the representation turns out to be symmetric under the change v ↔ x. Let us compare these two representations of the particle dynamics on NC sphere. Since the NC geometry has been obtained by using of the Dirac bracket, there is exist canonical transformation to new variables, in terms of which the bracket acquires the canonical form [9] . The corresponding theorem states that constraints of a theory became a part of the new variables after this transformation. Being applied to the case under consideration, it means that the new variables will have the following structure:
whereṽ a ,p a are the physical variables with the canonical brackets, in particular: {v a , v b } = 0. From the expression (30) one notes that the theorem naturally selects (v, p)-representation for transition to the canonical brackets, on this reason the name: "commutative representation". From (28) it follows that the commutative coordinates have nontrivial equations of motion (see also the next section). In contrast, in the noncommutative (x, p)-representation the configuration space dynamics (24) turns out to be trivial. Thus, the noncommutative description implies that all information on the dynamics is encoded in noncommutative geometry. Similar situation was observed for SO(n) nonlinear sigma-model in [10] and for the Green-Schwarz superstring in the covariant gauge in [11] .
4 Particle on commutative sphere with a magnetic monopole at the center and the Rotor.
In this section we show that slight modification of the action (1) gives description for a particle with a monopole at the center of the sphere [12] . It will be demonstrated also that this model is equivalent to the model of usual rotor. Let us consider the action (1) with the variables x and v interchanged in the first term
Canonical momentum for x i is denoted through p i while π i corresponds to the variable v i (the notations are opposite to the ones adopted for the model (1)). In these notations analysis of the model turns out to be similar to the previous case, so we present the final results only. The essential constraints of the theory are
and can be taken into account by transition to the Dirac bracket. After that, dynamics of the model can be presented in one of the following three forms.
In terms of these variables the bracket algebra is
while the equations of motion (free case) arė
They are accompanied by two constraints
For the physical Hamiltonian one has the expression
The algebra obtained (33) corresponds to the particle on commutative sphere with a monopole at the center (note the relations (18)) [12] . (x i , p i )-representation. In this case one has the brackets
which impliesẍ i + 4p 2 x i = 0 for the configuration space variables. The remaining constraints in this case are
The equations (37)-(39) correspond to the model of rotor and can be equally obtained from the action
Thus we have demonstrated canonical equivalence the models (33)-(35) and (37)-(39). They correspond to different choice of the physical variables in the underlying action (31). Equivalently, they are related by the variable change v i = ǫ ijk x j p k . Resolving the remaining constraints (39), it is not difficult to find the canonical variables of the model
which obey {x a ,
Their dynamics is governed by the nonlinear equationṡ
Let us point that the relation established between the particle with a monopole and the rotor allows one to construct the corresponding NC quantum mechanics with the nontrivial potential (36), following the same procedure as in [4] (since the bracket kernel of (37) is degenerated, see Eq.(39), the star product constructed using all six variables turns out to be nonassociative [13] ). This subject will be discussed elsewhere.
while the equations of motion are similar to (x, v)-representatioṅ
Comparing this representation with (x, p)-representation one observes the same property as for NC sphere: transition from commutative description (37) to NC description (43) implies trivial dynamics for space variables in the latter representation.
Discussion
In this work we have presented the Lagrangian formulations for a particle on the noncommutative sphere (1) as well as for a particle on the commutative sphere with a monopole at the center (31), the latter is shown to be canonically equivalent to the model of rotor. In both cases the desired algebraic structure (23), (33) arises as the Dirac bracket corresponding to second class constraints presented in the model. After introduction of the Dirac bracket the constraints can be used to represent part of variables through the remaining ones. There are exist several (SO(3) covariant) possibilities to choose the basic variables, which leads to different representations for the two models. In both cases there is exist the "commutative representation" which is appropriate for determining of the canonical variables starting from the known constraint system. Using relation between NC and commutative representations one is able to construct quantum mechanics which corresponds to the NC representation.
In conclusion, let us point on possible generalizations of the model (1). One possibility is to consider immersion of the model into a locally invariant system. Let us omit the term φ(x 2 − 1) in the action (1) . Then the formulation involves one first class constraint which corresponds to the local symmetry δx i = γv i . Thus, one is able now to consider different gauges of the model (x 2 − 1 = 0 and v 2 − 1 = 0 are equally admissible now). We suggest that it can give unified description of the three models considered in this work. Other possibility may be NC quantum mechanics on threedimensional plane. To construct it, one needs to modify the action (1) in such a way that only primary constraints of the type (3) are generated and form the second class system. These problems will be considered elsewhere.
